Abstract-The flexural behavior of reinforced concrete beams is a well-known problem. In the classical studies about this subject, shear strength is neglected or taken into account by simple formula from the linear theory of elasticity, neglecting flexure and shear interaction. For this reason, these classical methods allow to predict only the flexural fracture modes, not the shearing fracture modes.
I. INTRODUCTION
The flexural behavior of reinforced concrete beams is a well-known problem: we may refer for instance to references [1] - [6] . In these classical studies about this subject, shear strength is neglected or taken into account by simple formula of the theory of linear elasticity.
We present an analytical model able to analyze reinforced concrete beams loaded in combined bending, axial load and shear, in the frame of non linear elasticity. In this model, the expression adopted for the stiffness matrix [K s ] of the section takes into account a variable shearing modulus, which is a function of the shear variation (and not a constant shearing modulus G = f (E) as in linear elasticity) using a simply formula.
A computer program, based on methods given and detailed in [3] , [4] , [7] , [8] , is then developed and in which leads to the following main results: the history of displacements of structural nodal points, the nodal forces (including the reactions of the supports) and the internal effort in a local system of axes. 
II. GENERAL HYPOTHESIS
The structure is discretized into beams elements. Elements are decomposed into intermediate sections in order to evaluate the non linear behavior of concrete and reinforcement. The transverse section of the beam is decomposed into concrete layers and longitudinal reinforcement. The deformation of the section follows Bernoulli"s principle.
A step-by-step procedure is adopted to simulate the applied monotonic loading at each stage; iterative loops are completed until reaching force balance state during this iterative procedure for equilibrium of external loads.
The following systems of axes are introduced to study the equilibrium of an element: a fixed global system attached to the structure; a local system concerning the initial position of the element; an intrinsic system linked to the deformed position of the element and an intermediate system related to the translation of the local system to the origin of the intrinsic system.
The evaluation of the displacement field of the elements is made by numerical integration of deformations section by section. The deformations of a section are calculated by use of the intrinsic system. It is assumed that deformation and displacements are small. The geometrical non linearity concerning the deformation of the element is neglected as well as the nodal deformation at the junction of several elements. The second order effects due to node displacements are introduced by a non linear transformation of displacements at element ends from the intrinsic system to the intermediate system.
III. CONSTITUTIVE MODEL OF MATERIALS

A. Compression Behavior of the Concrete
Many mathematical models of concrete are currently used in the analysis of reinforced concrete structures. Among those models, the monotonic curve introduced by Sargin [9] was adopted in this study for its simplicity and computational efficiency. In this model, the stress strain relationship is: 
k is parameter adjusting the thick ascending limb of the law and is given by the following equation:
where c E is the longitudinal strain modulus of concrete.
B. Idealization of the Tensile Behavior of Concrete
The parameter On the other hand, we assume that concrete is linearly elastic in the tension region. Beyond the tensile strength, the tensile stress decrease with increasing the tensile strain. In this field, we have adopted the monotonic concrete stress-strain curve introduced by Grelat for describe this decreasing branch (see Fig. 1 ) [1] . Ultimate failure is assumed to take place by cracking when the tensile strains exceed the yielding strain of the reinforcement. In this model monotonic concrete tensile behavior is described by (2) .  is the ultimate strain of steel.
IV. CONCRETE SHEAR MODULUS
In the classical studies about this subject, shear strength is neglected or taken into account by simply formula of the theory of linear elasticity. Some advanced methods [2] , [3] , [6] , [8] , [11] - [17] calculate a variable concrete shear modulus by solving a complex system of equations; namely equilibrium equations, compatibility equations and constitutive laws of the materials One simple empirical equation for the calculation of the post-cracking shear modulus was proposed in [18] . In this study, we distinguish three phases of behaviour (see Fig. 3 ). Then we propose formulas to calculate the shear modulus of concrete defined by a parametrical study about some experimental results presented by Vecchio and Collins [16] . Shear modulus is calculated by the linear elasticity before concrete cracking and it is functions of reinforcement and concrete after concrete cracking and after plasticization of steel. Fig. 3 shows the curves of shear stress (τ) as a function of shear strain (γ) testing of the walls tested by Vecchio and Collins [16] . The curve comprises a linear phase elastic values γ ≤ γ fiss (Phase 1): the transverse deformation modulus (G) is calculated by the linear theory of elasticity. In the second part (phase 2), for values of γ between γ fiss and γ plas , the transverse deformation modulus (G) depends on the characteristics of the concrete and the steel see (6) . The phase 3, for values of γ ≥ γ plas , corresponds to the plasticization of steels: the modulus G also depends on the characteristics of the materials see (7) . where  is shear stress,  is shear strain, fiss  is the shear strain corresponding to cracking concrete, plas  is the shear strain corresponding to steel plasticization, fr  is the shear strain corresponding to cracking of steel.
A. Experimental Observations
B. Calculation of Transverse Deformation Modulus G (Proposed Equations)
Phase 1: Before cracking of concrete, the theory of linear elasticity is valid, the transverse deformation modulus G is a function of longitudinal deformation modulus E c of concrete, and it is given by (5).
Phase 2: After concrete cracking and before plasticization of steel, the transverse deformation modulus G is based on the characteristics of concrete and steel; curve analysis (τ-γ) of experimental tests on walls, tested by Vecchio and Collins [16] has allowed us to establish a relationship between the transverse deformation modulus G to the characteristics of material see (6) and Table I . Phase 3: This phase corresponds to the plasticization steels, the transverse deformation modulus G is function as material characteristics see (7) and Table I. We note: In Fig. 4 we trace G, experimental values, depending on the parameter w. Of all the tests analyzed, we find that the lines w G 604  and w G 327  include all the experimental points. Therefore, we propose the relationship given in (5), (6) and (7) for the calculation of the transverse module G. Fig. 5 shows the relationship G experimental / G calculus for phases 2 and 3 depending on the compressive strength of concrete.
We give in Tables I the comparison of G values calculated with (6) and (7) and the experimental values for all walls studied. where G 1exp is the shear modulus observed experimentally in the post-cracking stage, G 2exp is the shear modulus observed experimentally after plasticization of steels, G 1calc is shear modulus calculated using (6), G 2calc is shear modulus calculated using (7). The notations used in the remainder of this chapter are explained in appendix.
The equilibrium Equation of the section in the intrinsic system is given by (8); the transversal strain modulus G is calculated using (5), (6) and (7).
Equation (8) is solved by an iterative method. Its solution may be written as:
B. Calculating the Element Stiffness Matrix in the Intrinsic System
Loads acting over the section are functions of the applied forces at element nodes. Their expression is given by:
If the length variation of the element is neglected, the
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A. Equilibrium of the Section
We consider the global coordinate system x G y G z G and x o y o z o is the local coordinate system related to the initial position of element. Under the effect of loading, I o node (respectively J o ) of the element is moved I (respectively J). The notion of intrinsic coordinate system, noted xyz axis which connects the first node I to node J is introduced (see Fig. 6 ). expression of the deformation vector n S   of the element, in the intrinsic system, is given using the virtual work theorem which stipulates that the virtual work of the section"s deformations increase is equal to the virtual work of the section"s loads increase. The expression is shown as:
Thus, we may write the equilibrium equation of the element in the intrinsic system as follows:
The stiffness matrix K n of the element, in the intrinsic system, is evaluated as follows by combining the relationships (9), (10), (11) and (12):
C. Resolve Global Equilibrium of the Beams Element
The second order effects are introduced by transforming the equation from intrinsic system to intermediate system. In fact, the relationship between the expressions of the displacement in intrinsic and intermediate systems, using a geometrical transformation matrix B , is given by (14) .
The equilibrium equation in the intermediate system is given as follows:
The geometric transformation matrix D is calculated by neglecting the displacement contribution and the non-linear term.
In the local system, using transformation matrix T 0 , the element equilibrium may be written as:
The element stiffness matrix L K in the local system may finally be written as:
Using the rotation matrix G T , the equilibrium equation for the global system may be written as:
D. Organizational Computing The procedure described above to determine the equilibrium state of the element is shown in Fig. 7 .
VI. COMPARISON WITH EXPERIMENTAL RESULTS
A. Tests of Stuttgart (Beams ET)
To validate our approach, we compare the loaddeflection curves obtained with the present model and the experimental curves deduced from the shear tests tested by Stuttgart in [19] . These beams have different cross-sections (see Fig. 8 ) and Table II Fig. 8 . Stuttgart shears test setup, specimen geometry (mm) in [19] . The superposition of the calculated curves to the experimental curves for the three beams ET1, ET2 and ET3, is given in Fig. 9 . The comparison is made on the one hand with respect to the experimental results and also relative to the calculation in the case where G is considered the field of linear elasticity.
It appears that in the case of highly stressed beams in shear, it is essential to take into account the shear deformations in nonlinear to better approximate the experimental curves.
B. Tests of CEBTP (Beams OG)
These are two identical beams with respect to the dimensions and reinforcement (see Fig. 10 ). The beam "OG3" made with normal concrete and the beam "OG4" made with high strength concrete were tested by Fouré [20] . The main characteristics of the materials are summered in Table III.   TABLE III: PRINCIPAL CHARACTERISTICS OF THE The superposition of the calculated curves to the experimental curves for the two beams OG 3 and OG 4 is given in Fig. 11 . The comparison is made on the one hand with respect to the experimental results and also relative to the calculation in the case where G is considered in the field of linear elasticity.
Curves calculated by taking the current modeling approach better curves obtained experimentally.
C. Tests of CEBTP (beams HZ)
The computing method is used for calculation of HZ4 beam tested by Trinh at CEBTP [15] . The dimensions and reinforcement details of the beam are shown on Fig. 12 and the characteristics of the materials are given in Table IV The Fig. 13 shows the evolution of the beam deflection at the loading point as function of the applied load for the HZ4 beam, in the experience, in proposed method and in a non linear calculus with shear stiffness preserve the linear elastic value. The Fig. 13 clearly shows the importance of taking into account the variation of the shear modulus in the behavior of the beam that the failure occurred by shear.
D. Hyperstatic Continuous Beam (Test of Pera)
The computing method is used for calculation of the beam tested by Pera in [21] . The reinforcement details of the beams are shown on Fig. 14 , and the characteristics of the materials are given in Table V. The Fig. 15 shows the evolution of the beam deflection at the loading point as function of the applied load for beam, in the experience, in proposed method and in a non linear calculus with shear stiffness preserve the linear elastic value. Fig. 15 . Load-deflection curves for Pera"s beam
The curve calculated with the present study approach very satisfactorily the experimental curve from the point of view of the effort and from the point of view distortion.
E. Cranstan Frame
The computing method is used for calculation of the frame tested by Cranstan in [4] . The reinforcement details of the frame are shown on Fig. 16 , and the characteristics of the materials are given in Table IV . The Fig. 17 shows the evolution of the frame deflection at the mid span as function of the applied load for beams, in the experience, in proposed method and in a non linear calculus with shear stiffness preserve the linear elastic value. We can see at the experimental and numerical load-deflection response for this structure exhibit a good agreement for the various stages of the behaviour comparatively to the calculus with shear modulus is constant given by the linear elasticity.
VII. CONCLUSION
We presented a model based on the strip-analysis of the sections using a simply formula for the shear modulus tanked into a count not constant of the linear elasticity but variable with the variation of the shear strain. This model is able to predict the behaviour of beams with sections having unusual shapes or reinforcing details, loaded in combined bending, axial load and shear.
Indeed, the predicting results of the model compared with the test results show that, on the one hand, the model predictions are in good agreement with the experimental behaviour in any field of the behaviour (after cracking, post cracking, post steel yielding and fracture of beam), and, on the other hand, the model permits to predict shearing fracture modes for reinforced concrete beams (see the beam HZ4, Fig.  13 ) and flexion fracture mode (see Fig. 15 and 17) .
In perspective, it is to introduce this procedure in the case of other types of structures, such as; beams with external prestressing, concrete beams reinforced with metal fibers, tubular sections and beams -reinforced concrete walls APPENDIX The notations used in chapter V, which shows the procedure for calculating the equilibrium of the element, are described below. 
Where N  is the axial load increase, L(x) is the matrix connecting the loads acting on the section and the forces applied to the nodes of the element, it is given by:
